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Abstract
Rate constants of elementary reactions involving unimolecular steps can be calculated in a most general way from

molecular data by solving appropriate master equations. The conventional numerical solution requires rather a fine
discretization applied over a sufficiently large energy range to achieve a reasonable accuracy. This leads to linear but
very high dimensional systems of differential equations. We propose a quasi-spectral method that uses the smoothness
and special shape of the solution to reduce the dimensionality of the linear model. The method is based on the
transformation of the solution into the space of Gaussian radial basis functions. The combination with the variable
discretization scheme proposed earlier provides further advantages. The suggested approach is illustrated for the
unimolecular decomposition of an intermediate radical occurring in the pyrolysis/oxidation of 2,5-dimethylfuran. A
comparison of the original and the method proposed here is presented to validate the novel approach and to demonstrate
its performance.

Introduction
The calculation of rate constants plays a central role

for the modeling of mechanisms of chemical reactions.
Rate constants can exhibit a complicated dependence on
system parameters such as pressure and temperature. Fur-
thermore, many reactions between large polyatomic com-
pounds involve both unimolecular reversible isomerisation
and decomposition.

Rate constants for such reactions can be calculated from
molecular data by solving so called master equations (ME).
A ME describes the time-dependent population evolution
of a chemical species over its rovibrational energy levels
taking into consideration chemical reactions and molec-
ular excitation and deactivation due to collisional energy
transfer in the presence of the bath gas [1–4].

All of the known analytic solutions are only valid under
certain conditions (e.g. low pressure limit [3]). Commonly
used numerical methods require rather a fine discretization
(∆E = 10 cm−1) applied over a sufficiently large energy
range (e.g. Emax = 50000 cm−1) to achieve a reasonable
accuracy, leading to a linear but very high dimensional
system. Furthermore, the understanding of processes of
coupled elementary reactions require the solution systems
of master equations which considerably increases the com-
putational costs (see e.g. [5, 6]). Thus methods of dimen-
sion reduction are necessary. One way of model reduction
is to restrict the maximum energy level that is relevant for
quasi-stationary population evolution, the other way is to
use a variable discretisation scheme [7].

In the current work a quasi-spectral method (QSM)
is proposed that exploits the smoothness and the special
shape of the solution. The method is based on the trans-
formation of the solution into the space of Gaussian radial
basis functions (GRBFs).

The suggested approach is illustrated by the unimolec-
ular decomposition of 25DMF2H, a radical produced by
H addition to the carbon in α position to the oxygen atom
in 2,5-dimethylfuran (25DMF). The intermediate radical
25DMF2H can either decompose back to 25DMF + H
or undergo a C-C bond scission to form a methyl radical
and 2-methylfuran. The comparison of the conventional
discretization method (CDM) and the proposed QSM is
presented to demonstrate the performance of the suggested
approach.

Mathematical Methods
Unimolecular reactions can be described by the follow-

ing integro-differential equation, see e.g. [1–3]:

∂n(E, t)
∂t

=ω ·

[ +∞∫
0

P(E, E ′) · n(E ′, t) dE ′ − n(E, t)
]

− kΣ (E) · n(E, t) + Ra · f (E)
(1)

with

kΣ (E) =

R∑
l=1

kl (E) (2)

Here, n(E, t) is the energy- and time-dependent popula-
tion of the considered reactant, ∂

∂t n(E, t) is the change of
the population over the time, ω is the collision frequency
with collision partner molecules (bath gas molecules), R
is the number of unimolecular reaction channels, kl (E)
is the energy-specific rate constant of the l -th reaction,
Ra is the rate of a formation reaction and f (E) is the nor-
malized distribution of incoming flux of the considered
reactant. For a thermal activation reaction, Ra=0. For a
chemically activated process, Ra is normally considered as
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a constant, due to its significantly slower change compared
to the studied process.

P(E, E ′) is the collisional energy transfer function de-
scribing the probability of collision-induced transitions
from an initial energy in the range [E ′, E ′ + dE] to a fi-
nal energy within [E, E + dE]. P(E, E ′) must follow the
principle of completeness [1]:

+∞∫
0

P(E, E ′) dE = 1 (3)

and the principle of detailed balancing [1]:

P(E, E ′)
P(E ′, E)

=
ne (E)
ne (E ′)

(4)

where ne denotes the equilibrium distribution. To derive a
discrete form of the CME, the continous function n(E, t)
can be written in piecewise constant form [7]

n(E, t) ≈
N∑
i=1

ni (t)Ii (E) (5)

where ni (t) is the approximation of n(E, t) in the i-th grid
interval and N is the number of intervals. Ii (E) is a dis-
crete interval indicator function and defined as [7]:

Ii (E) =

{
1 if E ∈ [Ei, Ei+1]
0 otherwise (6)

Equation (1) is then integrated over the interval E ∈
[Ei, Ei+1]. Taking an equidistant energy grid with a small
finite increment, so that ∆Ei = ∆E j = const, and setting
an upper boundary Emax for the theoretically unlimited
energy range, results in the conventional discrete form of
the ME [7]:

d
dt
~n(t) =

[
ω(P − I) − K

]
~n(t) + Ra

~f (7)

or in more compact form:

d
dt
~n(t) = J~n(t) + Ra

~f (8)

Here, ~n is a vector with elements ni (t), ~f is a vector of
nascent distribution of incoming flux of activated reactant
molecules f i = f (Ei ), P is the collision transition probabil-
ity matrix with elements Pi j = P(Ei, E j )∆Ei ∆E j , I is the
unit matrix and K is a diagonal matrix with Kii = kΣ (Ei ).

The quasi-spectral method projects the solution into
space of arbitrarily placed GRBFs over entire energy range.
Thus the solution is derived in form of weights of basis
functions. The exact solution of the ME, n(E, t) can be
approximated with a weighted sum of N basis function
ϕ j (E) [8]:

n(E, t) ≈
N∑
i=1 ˜

ni (t) ϕi (E) (9)

where
˜
ni (t) are the time-dependent spectral coefficients.

To identify the unkown weights
˜
ni (t), the Ritz-Galerkin

method can be used [8], i.e. eq. (9) is substituted into
eq. (1) and both sides of the equation are multiplied by a
test function ϕi (E) and then integrated over the interval
E ∈ [0,+∞]:

N∑
j=1

d
˜
n j (t)
dt

·

∫
E

ϕ j (E)ϕi (E) dE

=

∫
E

Ra f (E)ϕi (E) dE

+ ω

N∑
j=1 ˜

n j (t)
∫
E′

ϕ j (E ′)
∫
E

P(E, E ′)ϕi (E) dE dE ′

− ω

N∑
j=1 ˜

n j (t)
∫
E

ϕ j (E)ϕi (E) dE

−

N∑
j=1 ˜

n j (t)
∫
E

kΣ (E)ϕ j (E)ϕi (E) dE,

(10)

where i = 1, 2, . . . , N . The formula (10) can also be written
in vector-matrix form like equation (7):

˜
A

d
dt ˜
~n(t) =

[
ω(

˜
P −

˜
A) −

˜
K

]
˜
~n(t) + Ra

˜
~f (11)

where ~
˜
n is the vector of unknowns,

˜
A,

˜
P and

˜
K are

matrices and
˜
~f is a vector:

˜
Ai j =

∫
E

ϕ j (E)ϕi (E) dE (12a)

˜
Pi j =

∫
E′
ϕ j (E)

∫
E

P(E, E ′)ϕi (E) dE dE ′ (12b)

˜
Ki j =

∫
E

kΣ (E)ϕ j (E)ϕi (E) dE (12c)

˜
f i =

∫
E

f (E)ϕi (E) dE (12d)

Comparing formula (7) with (11), it is apparent that
both linearised vector-matrix forms of the ME are formally
very similar. Moreover, if the basis functions ϕi (E) in the
formula (9) are defined as the discrete interval indicator
function Ii (E), equation (11) reduces to the conventional
form (7).

Gaussian radial basis functions (GRBF) are particularly
promising because of their algebraic simplicity and oppor-
tunities for combining spectral accuracy with local refine-
ment [9]. GRBFs have a similar exponential form to the
equilibrium energy-dependent population and reflects the
features of the probability of collisional energy transferred.
Furthermore using the normalization the shape of GRBFs
is automatically adjusted to the irregular grid, that deter-
mines the location of the function centers on the energy
scale. In this work the following normalized form of the
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GRBFs is applied:

ϕi (x) =

exp
[
−

(x−xi )2

σ2
i

]

∑
j

exp
[

(x−x j )2

σ2
j

] (13)

Here σi is the width factor of the GRBF. A larger σ cor-
responds to a wider basis function and a smaller σ cor-
responds to a narrower one. The width factor is chosen
for each GRBF such that the function ϕi (x) crosses its
neighbours (ϕi−1 and ϕi+1) near the half maximum of the
function.

The observable individual rate coefficient for the l-th
reaction channel is obtained from the relation [1–3]:

kl (T, p) =

+∞∫
0

n(E, t → ∞)kl (E) dE

+∞∫
0

n(E, t → ∞) dE

(14)

Because the systems (7) and (11) are linear, the general
time-dependent solution for thermal activation (Ra = 0) is
[1–4]:

~n(t) =

N∑
i=0

ei exp(λi t)~vi (15)

Here λi are the eigenvalues of J and ~vi are the conjugated
and linearly independent eigenvectors. ei are the expan-
sion coefficients determined from the initial conditions.
All eigenvalues λi are negative and it is often the case
that the first eigenvalue is well separated from the others
|λ0 | � |λ1 | < · · · < |λN | [1–3]. In this case, the evolu-
tion of ~n can be described by a mono-exponential decay
after an induction period in the order of 1/|λ1 |. Although
after this period, the integrated population decreases con-
tinuously, the normalized distribution remains unchanged.
In this work the normalized distribution corresponding to
mono-exponential decay is considered as the long-time
distribution for the thermally activated ME. If the separa-
tion of eigenvalues is not given (e.g. high temperature),
care must be taken when interpreting the result in the way
described above. However, this should have no impact
on the numerical comparison between the conventional
method and the QSM.

Example system: Decomposition of 25DMF2H
As a case study for the comparison of the QSM with

the CDM, the decomposition of 25DMF2H was chosen. It
is an important intermediate radical in the pyrolysis and
combustion of 2,5-dimethylfuran (25DMF). 25DMF is a
potential biofuel, which has many positive features such
as: the energy density comparable with gasoline, high boil-
ing point, high octane number, etc [10]. The reactions
of 25DMF2H were investigated experimentally by Friese
et al. [11], intensively studied by Somers et al. [10] and
Sirjean et al [12]. This radical is formed at first via ad-
dition of an H atom to the carbon in α-position to the
oxygen in 25DMF. The product (25DMF2H) can either

decompose back to the reactants via C-H fission (R-1) or
undergo a C-C bond scission to form a methyl radical and
2-methylfuran (2MF):

25DMF + H
k1

−−−−−−−→ 25DMF2H (R1)

25DMF2H
k−1

−−−−−−−→ 25DMF + H (R-1)

25DMF2H
k2

−−−−−−−→ 2MF + CH3 (R2)

The thermal unimolecular reactions (R-1) and (R2) are
considered in the ME without incoming flux. The forma-
tion reaction (R1) is considered additionally for the ME
with incoming flux, since this step causes the nascent chem-
ical activation of 25DMF2H. The threshold energies for
both reactions were adopted from [11], rotational constants
and unscaled vibrational frequencies of the reactant and
transition states were obtained from [13].
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Figure 1: Schematic representation of the potential energy
diagram describing the unimolecular decomposi-
tion of 25DMF2H

For the collisional energy transfer probability, a modi-
fied empirical exponential down model introduced by Eng
et al. [14] is used:

P(E, E ′) = 1
N (E′) exp[−( E

′−E
α )]ρ(E)ρ(E ′)

∀ E < E ′
(16)

Here N (E ′) is the normalization constant to satisfy the
principle of completeness and α is a parameter which de-
termines the average energy transferred per collision.

For α in P(E, E ′), a value of 250 cm−1 was assumed on
the basis of the parameter ∆ESL used in [11]. The latter is
part of the step-ladder model for P(E, E ′) and it is related
to α in the exponential-down model. The Lennard-Jones
parameters of 25DMF as a proxy for 25DMF2H were taken
from [11] and the collision partner molecuels are argon
(Ar), which yields the averaged Lennard-Jones parame-
ters ε25DMF2H-Ar/kB=239 K and σ25DMF2H-Ar=4.4 Å. The
specific rate constants k (E) were calculated from RRKM
theory [1–4] for an angular momentum quantum number
J=110, which is the thermal average for 25DMF2H in the
temperature range between 950 and 1250K. As in [11], the
J dependence of k (E) for the tight transition states was
assumed to be weak.
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As no analytic solution is known for the current exam-
ple, the conventional method with ∆E = 10 cm−1 (see [7]
for the validation) is chosen as a reference. The effective-
ness (computational time, accuracy etc.) of the QSM and
the CDM is compared using two measures: relative error
and relative computational (CPU) time. The relative error
is defined as:

ε (p,T ) =
�����
kre f (p,T ) − k (p,T )

kre f (p,T )

�����
(17)

Here kre f (p,T ) means the rate constants at pressure p
and temperature T calculated by the reference method and
k (p,T ) is the approximate rate constant calculated with a
smaller linear system size, using either the CDM or the
QSM..

The relative (normalized) CPU time is:

τ =
t

tre f
, (18)

where tre f is the CPU time of the reference method, t is
the actual CPU time of the studied method.

The most important feature that affects the effectiveness
of a method is the size of the corresponding linear system.
i.e. the number of grid points for the discretized linear
form of the ME (7) and the number of basis functions for
the QSM (11).

Results and Discussion
The results of the proposed quasi-spectral method

(QSM) have been compared with the conventional method
(CDM) for the range of typical combustion temperatures
from 800 to 2000 K and pressures from 10−8 to 100 bar.
The range of temperatures and pressures was extended
beyond the experimentally available data to evaluate the ro-
bustness of the suggested method. The pressure range was
formally chosen to cover a broad spectrum of collision fre-
quencies between 20 and 1011 s−1 including experimental
conditions that may occur in the investigation of elemen-
tary reactions in combustion. An equilibrium distribution
at given temperature was taken as the initial distribution
for all numerical tests. A typical solution (normalized dis-
tribution corresponding to the mono-exponential decay) is
shown in Fig. 2.
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Figure 2: Normalized Initial and final distributions at
T=2000 K

Fig. 3 and Fig. 4 show the convergence of the con-
ventional and the proposed methods. The QSM has an
apparently faster convergence rate for all studied temper-
ature and pressure ranges. This method was particularly
advantageous for high pressures. As it is shown in Fig. 2,
the final population distribution tends to the equilibrium
distribution and is very similar to the applied GRBF. In the
low pressure limit, the end distributions requires a larger
number of basis functions to approximate. In general the
ME can be described with QSM using at least 10 times less
system parameters than using the CDM (for errors below
0.5%). This information is presented in a compact form in
Fig. 5 and Fig. 6, which show the relative errors for differ-
ent combination of temperature and pressure with the fixed
system size. The CDM can achieve overall accuracy below
0.5% if at least 2000 grid points are used (see. Fig. 5).
This error varies very little across the studied p-T domain
(see Fig. 5). The QSM can achieve the same accuracy with
only 200 basis functions but most part of the p-T domain
is covered with an error well below 0.1%.
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Figure 3: Relative errors vs. system size at T=800 K.
Dashed - CDM; Solid - QSM

size of the linear system
101 102 103

re
la

tiv
e 

er
ro

r 
ǫ
 in

 %

0

20

40

60

80

100 T=2000 K, p=100 bar

T=2000 K, p=10-8 bar
T=2000 K, p=100 bar

T=2000 K, p=10-8 bar

Figure 4: Relative errors vs. system size at T=2000 K.
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The obvious advantage of the reduced size of the lin-
ear system is the lower computational time. Figs. 8, 9
illustrate the correlation of the relative error and the mini-
mal computational time required to achieve this accuracy
with different system sizes. If 0.5% relative errors must be
achieved, at T=800 K the QSM is at least 5 times faster
than the CDM for all pressures; at T=2000 K – twice as
fast at the highest studies pressure and eight times faster at
the lowest studied pressure. The computational speed-up
for a relative error of 0.5% at high temperature and high
pressure (T=2000 K and p=100 bar) is not so obvious since
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in this limit, the energy-dependent distribution is so wide
that a fine discretization is not necessary and indeed, as
shown in Fig.4, only approx. 500 grid points are sufficient.
However, if a relative error below 0.2% at T=2000 K and
p=100 bar is desired, the QSM has again a clear advan-
tage and is more than 5 times faster than the conventional
method.

Although the linear system size of the QSM is at least
10 times smaller than that of the conventional method,
the achieved net speed-up is about 5 to 8 times. The at-
tenuation of the performance advantage arises from the
computation of the spectral equivalent of the collision tran-
sition probability matrix (12b). However, for the study of
a pressure dependence of the rate coefficient (14), this ma-
trix is kept unchanged, which gives a tremendous implicit
speed-up, if it is calculated only once and then reused for
different pressures at the same temperature.
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Figure 5: Relative error of the CDM for the temperature
range from 800 to 2000 K at the pressure range
from 10−8 to 100 bar with system size N=2000
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Figure 6: Relative error of the QSM with equidistant grid
for the temperature range from 800 to 2000 K
at the pressure range from 10−8 to 100 bar with
system size N=200

As shown in [7] the location of the energy maximum
according to the end distribution can still provide a good
approximation of the end distribution for the cost of the
accurate time-dependent solution. Mathematically it can
be seen as applying the reverse Heaviside step function
as a grid density function (GDF). Observing that most

changes occur near the reaction channel, a reverse sigmoid
function, placed at the threshold energy ofkΣ (2), provides
a far better approximation without the loss of accuracy of
the transient population evolution at short timescales:

G(E) = 1 −
1

1 + e−(E−Ethreshold )/σ (19)

G(E) is the grid density function and σ is a bend smooth-
ness factor. This factor can be determined using an approx-
imated solution (e.g. one with a very crude regular grid).
Fig. 7 shows the distribution of 20 GRBFs according to the
inverse sigmoid function with parameter σ = 4500 cm−1,
which is optimal for the given example at T = 1100 K and
p = 0.01 bar.

Fig. 10 presents an error map for 40 non-equidistantly
placed GRBFs with sigmoid grid density function for the
entire p-T study domain. Again half of the domain (lower
temperatures and higher pressures) can be approximated
with a far better accuracy than 0.1% and the relative error
of 0.5% is guaranteed in the entire domain.
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normalized CPU time τ
10-3 10-2 10-1 100

re
la

tiv
e 

er
ro

r 
ǫ
 in

 %

0

1

2

3

4
T=800 K, p=100 bar
T=800 K, p=10-8 bar
T=800 K, p=100 bar
T=800 K, p=10-8 bar

Figure 8: Accuracy over calculation time at T=800 K.
Dashed - CDM; Solid - QSM

5



normalized CPU time τ
10-4 10-3 10-2 10-1 100

re
la

tiv
e 

er
ro

r 
ǫ
 in

 %

0

1

2

3

4
T=2000 K, p=100 bar
T=2000 K, p=10-8 bar
T=2000 K, p=100 bar
T=2000 K, p=10-8 bar

Figure 9: Accuracy of different methods over calculation
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T /K
800 1000 1200 1400 1600 1800 2000

p
/
b
ar

10-8

10-6

10-4

10-2

100

102

0.1

0.2

0.3

0.4

%
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Conclusions
The computational efficiency of the conventional dis-

cretization method for solving the continuum master equa-
tion may limit its further application (e.g. in studies of
systems of coupled MEs). In this work an investigation
has been made on reducing of the system dimensionality
and thus increasing the efficiency.

The proposed quasi-spectral method employs the
smoothness and specific bell-like shape of the reactant
distribution by projecting the solution into a space of Gaus-
sian radial basis functions (GRBFs). Equidistantly located
GRBFs can reduce the system size at least by a factor of
10 compared to the CDM without losing accuracy with
corresponding speed-up of 5 to 8 times. This speed-up can
even be enhanced, when several calculations at constant T
and variable P are combined to a single pass, thus avoiding
the costly recalculation of the P matrix for each (T, P) pair.

If an irregular grid of GRBFs is applied, the resulting
system is by a factor of 50 smaller than an equivalent con-
ventional system. The proposed method uses the inverse
sigmoid function as a grid density function, whose param-
eters are determined from a crude first approximation of
the solution.

The empirical studies indicate that the performance of
the method for a single ME can be improved using an
irregular grid but the computational advantage compared
with the equidistant grid remains within the same order of
magnitude. However, in a case of several coupled MEs

with multiple reaction pathways, when the system size
increases dramatically, the speed-up should be more pro-
nounced. An optimal grid for coupled MEs is the subject
of ongoing research.
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